We define the class of almost semi-hyponormal operators on a Hilbert space and provide some sufficient conditions in which such operators are almost normal, that is their self-commutator is in the trace-class.
Introduction
Let H be a complex, separable, infinite dimensional Hilbert space, and let L(H) denote the algebra of all linear bounded operators on H, let K(H) denote the two-sided ideal of all compact operators on H, and for p > 0 let C p (H) denote the Schatten-von Neumann classes. Although for 0 < p < 1, the usual expression of || · || p does not satisfy the triangle inequality, and thus it is only a quasi-norm, the C p (H) class is a complete space with respect to || · || p .
For α > 0 and T ∈ L(H), we will denote D For α, p > 0, let
When α = p = 1, the operators in H 1 (H) will be called almost semi-hyponormal operators. The class H α p (H) can be alternatively be defined (see [6] 
It is easy to verify N 
where R(σ(T )) denotes the algebra of complex-valued rational functions with poles off σ(T ), where σ(T ) denotes the spectrum of T. D. Voiculescu [9] extended Berger-Shaw Inequality [1] and provided an elegant proof which was dependent only on operator-theoretic concepts. Precisely, Voiculescu proved that if T ∈ H 
and recall that the Weyl spectrum of an operator T ∈ L(H), denoted by σ w (T ), is σ(T ) \ Ω 0 (T ), or alternatively, the union of the essential spectrum of T , σ e (T ), and all bounded components of C \ σ e (T ) associated with nonzero Fredholm index.
The goal of this note is to prove that the hypotheses μ(σ w (T )) = 0 for
1 (H), and consequently T ∈ N 1 1 (H).
Main Results
be the Aluthge transform of operator T.
(H), and write |T | − |T
and by multiplying at right side by U and left side by U * ,
with P 2 , K 2 ≥ 0 and K 2 ∈ C 1 (H). Multiplying equalities (1) and (2) at both sides by |T |
and
with P 3 , P 4 , K 3 , K 4 ≥ 0 and K 3 , K 4 ∈ C 1 (H). Adding (3) and (4) leads to
that is the desired conclusion.
Stampfli [7] proved that there exists K ∈ K(H) such that σ(T + K) = σ w (T ). A careful review of Stampfli's proof leads to the following statement that will be necessary later.
Lemma 2.2. ([7]). Let T ∈ L(H) and p ≥ 0. Then for any ε > 0, there exists K ∈ C p (H) such that ||K|| p < ε and σ(T + K) \ σ w (T ) consists of a countable set which clusters only on σ w (T ).
are the left essential and right essential resolvent of the operator T ∈ L(H), respectively. Equivalently,
(H).
Proof. According to [4] [5] , σ(T ) = σ(T ) σ e (T ) = σ e (T ) and for any λ ∈ C, then T − λ ∈ F(H) if and only ifT − λ ∈ F(H) and ind (T − λ) = ind (T − λ). Thus σ w (T ) = σ w (T ), and thus μ(σ w (T )) = 0 for an operator T as in the hypothesis. According to Lema 2.2, there exists K ∈ C 1 (H) so that σ(T + K) \ σ w (T ) is a countable set, and thus μ(σ(T + K)) = 0. According to Proposition 2.1,T ∈ H 1 1 (H), and according to [3] ,T ∈ N 4 are the ones that show in the proof of Proposition 2.1). Furthermore,
If T ∈ Q 0 (H), then P 1 must be a trace-class operator, that is T ∈ N 1 2 1 (H). Hadwin-Nordgren [3] gave a necessary and sufficient characterization for almost hyponormal with essential spectrum of area zero. For T ∈ L(H), let V 1 , V 2 , . . . be the bounded components of C \ σ e (T ) and m 1 , m 2 , . . . be the associated Fredholm indices. Using Voculescu's idea of "filling the bounded holes" of σ e (T ) with direct sums of |m k | copies of some translations the unilateral shift or its adjoint, they showed the following.
With the above notation, the following two statements hold. 
Consequently, an almost hyponormal operator T with μ(σ e (T )) = 0 is almost normal if and only if
m k <0 m k · μ(V k ) > −∞. Theorem 2.5. Let T ∈ H 1 2 1 (H) Q 0 (H) such that μ(σ e (T )) = 0 and m k <0 m k · μ(V k ) > −∞. Then T ∈ N 1 2 1 (H). Consequently [T * , T ] ∈ C 1 (H), k |m k | · μ(V k ) < +∞ and π · tr([T * , T ]) = − k m k · μ(V k ).
Furthermore, an almost semi-hyponormal operator T with μ(σ e (T )) = 0 is almost normal if and only if
According to Proposition 2.1,T ∈ H 1 1 (H). Again, according to [4] [5] , the spectral pictures of T andT are identical, that is the bounded components of C \ σ e (T ), and their associated Fredholm indices are the same as of C \ σ e (T ), and according to Theorem 2.4,T ∈ N 1 1 (H). Using the same argument as in the proof of Theorem 2.3, operators P 3 , P 4 that appear in proof of Proposition 2.1 are trace-class, and when T ∈ Q 0 (H), the operator P 1 is also trace-class, and thus T ∈ N 
(H). (b) Uchiyama [8] proved that if T is p-hyponormal and m(T ) < ∞, then m(T ) = m(T ). In fact the same consequence can be obtained for operators T ∈ L(H) such that Ran(T ) ⊆ Ran(T *
).
